
LETTERS TO THE EDITOR

To the editor:

Dear Sirs,
As I understood from your Newsletter [7, page 6] ”The 1995 Information Theory Society Paper

Award has been awarded to A.Roger Hammons, Jr., P.Vijay Kumar, A.R. Calderbank, N.J.A. Sloane,
and Patrick Sole for their paper [4]”. To my opinion, awarding of such a prestigious award to the authors
of this paper without mentioning the results of [1, 2] creates a distorted picture of the priorities in the
new branch of the Coding Theory which we will refer to as Z4-linearity. Besides, it pinches my personal
scientific reputation.

The main result of [4] which may be treated as a discovery, for it opens up a new direction in the
Coding Theory, states that some ”good” non-linear binary codes could be derived from linear codes
over the ring Z4. The first example of such a code is the Kerdock code; in [4] it is considered to be a
fundamental one.

I am greatly satisfied with such a high estimate of this result by the Information Theory Society,
and congratulate the nominees who earned the award with all their works. However, I believe that it
should be noted that this result was first published much earlier than [4]. I received the first result on
Z4-linearity (consisting in the proof of Z4-linearity of the Kerdock code) in 1982, and presented it at
the 5th All-Union Conference on the Theory of Rings, Algebras and Modules. The English language
translation of the report [1, page 97] is enclosed.

It was shown there that the Kerdock code punctured in two coordinates may be constructed as a
family of segments of highest binary coordinates of some linear recursive sequences family over Z4.
Moreover, this code has the cyclic form, – the result which is missing from [4].

The full proofs were published in Russian [2, (1989)], the English translation ¿ in [2, (1991)]. Fur-
thermore, in January 1991 (one year prior to the submission of [3, 4] for publication) an abstract of
[2] was published in the Mathematical Reviews (M.R.91 a:94038) where the reviewer stresses that this
implementation of the Kerdock code ”appears to have simple description in terms of linear recursive
sequences on Z4.” In addition, all properties of Galois rings related to the trace functions which were
used in [4] are fully described in [2].

I’m grateful to Professor V.I.Levenstein who drew attention of the authors of [4] to the results of
[2]. I’d like to express my confusion both with the interpretation of ”Z4-linearity” discovery, and bi-
ased estimation of my results, given in [4]. First of all, the results in [4] are treated as received indepen-
dently of [1, 2], although the authors themselves admit that they ”discovered Z4-linearity” notably on
the Kerdock code example only in 1992, when [1, 2] and M.R.91a:94038 had been already published.
Moreover, the results of my research have been known to a wide circle of Coding Theory professionals
as early as 1987, when I first presented them at Professor’s L.A.Bassalygo seminar at the Institute of
Information Processing of the Russian Academy of Sciences.

In this connection, I believe that the authors of [4] should have stressed my priority in Z4-linearity.
Instead, in [4] it’s not even mentioned that Z4-linearity of Kerdock code has already been proven in [2].

As far as I see it, the new branch of the Coding Theory, engulfing linear representations over rings
(and modules!) of non-linear codes over fields, evolved as follows. The basic results on Z4-linearity
of Kerdock code were received by A.A.Nechaev and first published in [1, 2]. The follow-up results on
Z4-linearity of Preparata’s (dual to Kerdock’s), Goethals’ and related codes are due to A.R.Hummons,
P.V.Kumar Jr., A.R.Calderbank, N.J.A.Sloane, and P.Sole [3, 4]. Independently at the same time, a gen-
eralized Kerdock code over arbitrary field of characteristics 2, and having a linear representation on a
Galois ring, was obtained by A.A.Nechaev and A.S.Kuzmin [5, 6].

Sincerely yours, A.Nechaev
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Authors’ response:

We all have the highest appreciation for the scientific achievements of Professor Nechaev. In the
Introduction to our paper we acknowledge that prior to our work Professor Nechaev did employ Ga-
lois rings to make a connection between cyclic codes over Z4 and the nonlinear binary Kerdock code.
Specifically Prof. Nechaev constructed a Z4-linear code that yields upon the “highest coordinate” map
a cyclic code equivalent to the Kerdock code whose codewords can be generated using linear feedback
shift registers. We had hoped this would be clear from the postscript that concludes the introductory
section of our paper, and which is reproduced at the end of this letter.

Our perspective on this subject is slightly different; aside from their excellent error-correcting prop-
erties, the Kerdock and Preparata codes are remarkable because they are “formal duals” in the sense that
although these codes are nonlinear, the distance distribution of one is the MacWilliams transform of the
other. The main unsolved problem concerning these codes had always been whether they were dual in
some more algebraic sense. The paper we wrote explains this conundrum by showing that the Kerdock
code and (a variant of) the Preparata code can be obtained as the images of a dual pair of linear codes
over Z4 under a fundamental isometry that connects two metric spaces; (ZN4 , Lee metric) and (Z2N2 ,
Hamming metric). This fundamental isometry is the Gray map and it is different from the highest coor-
dinate map employed by Nechaev. The Gray map served as our key to the Kerdock/Preparata mystery
and led to many other results presented in our paper and elsewhere.

We came to our discoveries by following a different path from Prof. Nechaev. Our path begins with
the book by MacDonald [Mc74] which explains the arithmetic structure of Galois rings and the paper
of Shankar [Sh79] who uses Galois rings to construct cyclic codes over integer rings. We also made use
of papers by Liebler and Mena [LM88] who constructed distance regular graphs using Galois rings, by
Solé [S89] and Boztas, Hammons and Kumar [BHK92] who used Galois rings to define and analyze
families of quaternary sequences with good correlation properties, and by Yamada [Y90] who also used
Galois rings in graph theory.
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Only after our paper was completed did we become aware of Prof. Nechaev’s work. We added the
reference ([N89/91]) and the following postscript that appears at the end of the introductory section to
our paper.

Postscript: After this paper was completed, V. I. Levenshtein drew our attention to an article by Nechaev
[N89/91]. In this article Nechaev considers the quaternary sequences fctg given (in the notation of the
present paper) by

ct = (�1)tfT (��t) + �g ;

0 � t � 2m+1 � 3, � 2 R, � 2 Z4, and their 2-adic expansions ct = at + 2bt, where at, bt 2
f0; 1g. The principal result of [N89/91] shows that the set of fbtg is a nonlinear binary cyclic code which
is equivalent to the binary Kerdock code punctured in two coordinates. However, [N89/91] makes no
mention of the fundamental isometry of (15), nor of Preparata codes and the sense in which they are
duals of Kerdock codes.

References
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