
Theorem 12.17 Let K be an FCMI on X1, X2,
· · · , Xn. Then K holds if and only if µ∗(A) = 0 for
all A ∈ Im(K).

Proof (due to Tie Liu)

A. “If”

Show that

H
(
XQ1

, XQ2
, · · · , XQm |XT

)

=

m∑

i=1

H
(
XQi

|XT
)
.

B. “Only if”

1. An atom in Im(K) has the form



k⋂

i=1

⋂

j∈Wi
X̃j


 − X̃

T∪(∪k
i=1

(Qi−Wi))

where Wi ⊆ Qi and there exist at least two i such
that Wi 6= ∅.
2. Consider the atom

A =



m⋂

i=1

⋂

j∈Qi
X̃j


 − X̃T ,

i.e., Wi = Qi for all i.

3. Then

µ
∗
(A) =

∑

J⊆∪iQi
(−1)

|J|+1
H(XJ |XT ). (1)

4. For each J ⊆ ∪iQi, let Ji = J ∩ Qi. Then

J =

m⋃

i=1

Ji.

5. Since XQ1
, XQ2

, · · · , XQm are mutually in-

dependent conditioning on XT , so are XJ1
, XJ2

,

· · · , XJm .

6. Following (1), we have

µ
∗
(A) =

∑

J⊆∪iQi
(−1)

|J|+1
m∑

i=1

H
(
XJi
|XT

)

=

m∑

i=1

∑

Ji⊆Qi
α(Ji)H

(
XJi
|XT

)
,

where α(Ji) is the coefficient of H
(
XJi
|XT

)
in the

summation.

7. By simple counting, we obtain that

α(Ji) =
∑

L⊆∪j 6=iQj
(−1)

|Ji|+|L|+1

= (−1)
|Ji|+1 ∑

L⊆∪j 6=iQj
(−1)

|L|

= 0,

because ∑

L⊆∪j 6=iQj
(−1)

|L|
= 0

by the binomial formula. Hence µ∗(A) = 0.


