Asymptotics of the Error Probability in Quasi-Static Channels

Josep Font-Segura

Universitat
upf Pompeu Fabra

Barcelona

European School of Information Theory
Madrid, May 2017



Random Coding
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Random Coding

v

m € M —» Encoder Wi (y™|x") » Decoder —» 7

> Message uniformly from M ={1,..., M}

> State ¢ known at the receiver, continuously differentiable pg
> Decoder outputs 7 = arg max,,em Wy (y™|zk,)

> Error probability of a code €, (27, ..., 2%,) = Pl # m]

» Randomly generate codebook from px~» and compute the average error probability over all
i.i.d. codebooks
en(R) = Elen(XT,..., Xpy)]

» Coding rate R = L log M
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Random Coding

Ergodic Nonergodic
Asymptotic €n (R]%(e:) ;rg(R) €n (};5(2 ;OSER)
Finitelength | () = ¢~ \/ZQl(e) Bale) = Ce 0 o
en(R) =Q Cw%/i en(R) = Pout(R) + %%(R) + %%(R)
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Random-Coding

> Under ML decoding and counting ties as error

en(R) = Exn..xn qlen(XT, ..., Xip)]

M
1
~Expxge |37 27| U (0x5) 2 wa0mix} xae

m=1 m’#m

=Exnq |P| |J {WS(Y"X,’;/)zwg(yn|xg)}|xm
m’'#m
=Exnyng [P | U {WS(Y”XZ;/)ZWS(Y"IXZ)}|XZY”Q

m’#m

< Exayng |ming L Y7 P[WH(Y"X]) > WH(Y"1X7)

m’'#m

X;;Y”Q]

s}

= Exnyng | min {1, (M — 1P {Wg;(y"p?") > WE(Yn X

=Exnyng [min {1, (M —1)pepg (X™; Yn)}]

> Polyanskiy, Poor & Verdi, “Channel coding rate in the finite blocklength regime,” IEEE Trans. Inf. Theory, 2010.
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Binary Erasure Channel

I—q
Xm0
X=1 1—> Y=1
—q
» Channel transition probability
l—q z=y
W(ylz) = qq y=x*
0 r#y
> Let ¢ be the number of erasures
)=t a™ =y™ in the non-x bits

t
¢'(1—q
W?’L n n —
4 (y"la") {O else
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Binary Erasure Channel

> Pairwise error probability
pep, (a”5y") =P [Wy (y"|X") = Wy (y"|z")]
< M(— P[X >a] < E[X]
Wy (g ") a

— et (@"y")

» Information density
Wy (")
E[W (y"|X")]
B {(n —t)log2 ™ = y™ in the non-x bits

ig(z";y") = log

—00 else

» Tight!

o 1 n—t L
pep,(z"5y") = P [We(y"|X™) > Wi (y"[a")] = (2> — e t®

» Random coding union bound

rcu, (R) = Erg [ min {1, (M — 1)67%@)}]
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Binary Erasure Channel

» Random coding union bound

reu, (R) = E[min {1 —1e 71‘5(””
=P[(M e > U]+— E[min{1, A}] = P[A > U]
:E[]l{nR—z —logU > O}]
1 ., 1 o
=E ]l{R 1(Q) + f(\f[( ) — \/ﬁzq(T)) nlgUzOH

Taylor — ~E[1{R - I(Q) > 0}] + %]E {5(1% -1(Q)) (\/ﬁI(Q) - \}Eig(T)ﬂ

1 2
5 (R - 1(Q)) (ViI(@) - J=i5(1))
1 1

1
= Pow(R —0— —9ps_ 0 —DPp_ 0
o(R) + Jn QTLpR‘/I<(QQ))( )+ PR 1(@)(0)

1 [5(3 — 1(Q)) log U]

1
—E
* 2n n

\
Po(R) = FII(@) < B and 60(R) = ~50's 10, (0) + P10
VV(Q)
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Binary Erasure Channel

» Uniform erasure probability ¢ € (0,1) at R = £ log2

R
Powi(R) =
o(R) log 2
1 R 1

1 T T T T T T I T
& x rcu(n)
< 08 Pous(R) + 3 ¢0(R) ||
> X -=" out(R)
Z 06 < _
(s}
e}
o
s 04 s
o
W (2F=--===-e---cecececececaea-oCooETHT -

Lo Lo L1
10° 10" 10 10°

Codeword length n

> Font-Segura, Martinez & Guillén i Fabregas, "Refined error probability approximations in quasi-static erasure channels”, 1ZS, 2016
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Binary Symmetric Channel

> Channel transition probability

W(y|x>{;‘q o

> Let d be the Hamming distance between z™ and y™

n
vy ) = [T Walwila)
i=1

=q'(1—q)""
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Binary Symmetric Channel

> Information density lies in a lattice of span ~

1—
ig (2" y") = nlog(2 — 29) — dlog Tq

> Pairwise error probability

pep, (z";y™) =P [Wi (y"|X") > W;(ynlx”)]

d v T+joo . L s " .
Taylor — ~ 7/ ()R (F)(T=)+ 51" (F)(T—7)*—Tig () 41

K(l)—l"(d) G () —x'(1))?

TK
{;(d) o—in(d)
Jn

o

> G. Doetsch, Introduction to the Theory and Applications of the Laplace Transformation. Springer, 1974
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Binary Symmetric Channel

» Random coding union bound

reun(R) = Ep [min {1, (M — 1)k<i/(§)e—%<T)H

% <\/HI(Q) - ig\ﬁg)) + ;(log k8 (D) — % —log U> > OH
1

1 1 " logn
= Pout(R) + %O - %pllj/—vl((%)) (O) + EprI(Q) (0) (E“Og kqo (D)] - 2 + 1)

IE{]I{RI(Q) +

Josep Font-Segura Asymptotics of the error probability in quasi-static channels



Binary Symmetric Channel
000800

Binary Symmetric Channel

kjn d 67’7(d 0)— X (TLq 0?
a( \/QWVZV

£

» Using the Euler-Maclaurin summation formula...

kZJ( (/ fo)de + Z ( (d) — f(m 1)( ))) - Bi}?irnoullli mz)mbers

1 1
6 307
oo

- +
S (We’?e—w—w)v(g)(’W)_Q(W)) Bl >

vnV vnV — m'
e~ L B d—ng
m _.m I
- S B
| )
2rV = m! Vn
a242
e~ 2v ol

» Hence

1—e )1
Eflog k; (D)] ~ log fY(Q\/?V)
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Binary Symmetric Channel

» Random coding union bound

reu, (R) = Epg {min {17 (M —1) to(D) e_i%m}]

<\/HI(Q) - ig\ﬁg)) + ;(log k8 (D) — % —log U> > OH

1 1 " logn
~ Pou(R) + %0 2npze @) (0) + —PR-1(Q) (0) (E[logkqo( )] — 5t 1)

IE{]I{RI(Q) in
1

1 1 1 y(1—e™)~" logn )
~ Poui(R) + —=0 — —p/r_ 0)+ -Pr- 0(100 B
) 50~ P et OV + pn-r@O\ e~ 2o =

4

logn

reu, (R) ~ Pyt (R) + Prog(R) + ?bo( )

4
Pout(R) = P[I(Q) < R]

1
d’log (R) = - ipR—I(Q) (O)

1 1—e )1
Po(R) = — 2PR 1@ (0) + pr—1(©)(0) (1 + log M)
V@ 2meV (qo)
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Binary Symmetric Channel

» Uniformly distributed crossover probability ¢ € (0, %) at rate R = % log 2, go = 0.3160

Pout(R) =1-2q

1
R = ————
Prog(R) log 1;0(;0
2 — 2log(1 — 2qp) — log 27
do(R) = 20 + L= 200
log T
0-4 T T 1 171 ‘ T T 1 171
S S T LT Ty S
5 0.35 :
>
3 03 ] .
% x x  rcun(R)
5 020 — Pou(R) + 5% drog(R) + 510 (R)
w === out(R)
0.2 L I ‘ L L L T T 17T L L |
10" 10? 10? 10*

Codeword length n

> Font-Segura, Martinez & Guillén i Fabregas, "Asymptotics of the error probability in quasi-static binary symmetric channels”, ISIT, 2017
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Fading Channel

XeC—» QX —>»P—>»VYeC

P

qeC ZeC
» Channel transition probability
W( | )_ 1 _\y—qml2
A
> and
n
W;L(yn|93n) = HWq(yi|$i)
i=1
_ 1 v —qzm)?
o (7r02)"e 7
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Fading Channel

» Information density

lly"1?
1+ |q?p

ig(z™;y") = nlog (1+|q*p) + —[ly"™ — qz"|*.

> Pairwise error probability

W ("X = Wi (y"a")]

ig (X™5y") > ig (2™ y™)]
00 1 T+j00

k(1) = logE[e™] — = — e =T2dr dz

in(aniym) 21] J7—joo

o 1 7A'+jOO S s A 1,170~ ~\2
Taylor — =~ — e (D =T+ 3m(D=1)"=72 47 4
in(aniym) 21J J#—joc

" " ! N n.,n
— er()—ip@"y™) o 2(1)7n'(1)+i2’(z";y")Q £1(1) — &'(1) +ig (=" y")
K}H(l)

NG

—ig (™5y™)
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Fading Channel

» Random coding union bound

EG(X™Y™) o yenyen
rcu, (R) =Exnyng [min{l, (M — 1)M8—1Q(X Y )H

vn
L, 1 " logn
~ Pout(R) - 2710371(@) (0) + *pR,I(Q)(O) E[log kqn (D)] - +1
nWVa@ n
1 1, 1 1 logn >
~ Pout(R) + —=0 — —pa_1i0)(0) + —pr—1()(0) ( log - +1
&) Vvn 2npR\/V((g))( ) 't 1@ )(0 2mev(qo) 2
!
logn 1
I‘Clln(R) = POut (R) ¢10g( ) + ﬁQSO(R)
4
Pout(R) = P[I(Q) < R]
1
Prog(R) = —5PR-1@) (0)
1 1
bo(R) = = =p'r_100) (0) + Pr—1(()(0) (1 + log >
2 V(@ 2mev(qo)
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Fading Channel

> For Rayleigh fading and i.i.d. Gaussian input, rate R =2 and SNR p = 38 dB

R _ R R_
Pout(R) =1—exp <—€ p 1) brog(R) = —e—eXp ( 1>

R R—l R—l
¢0<R>=epexp(—e )(2—ep +log

p
\/27e 1—6_2R )

P
1073

2 T \\\\\\ \\\\\\ T 1 T 17
S
S
> |
E
[0
Q0
[e]
E_ ...............
§ —— Pout(R) + 12 ¢10,(R) + 20 (R)
w === out(R)

05 \\\\\\ Il [ [ T TTT L L 1 |
10° 10! 102 10°

Codeword length n

> Font-Segura, Martinez & Guillén i Fabregas, "Asymptotics of the random-coding union bound in quasi-static fading channels”, ITW, 2016
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Rate Expansions

» For the BEC, we saw... )
rcun(R) ~ Pout (R) + ﬁQﬁO(R)

...but we know that lim,, o, R,(€) = C.. Then,

€~ Pout(ce) + %QZ)O(Ce) + (R - CE) (Péut(cﬁ) + ’I]’-L¢6(C€))

\
l ¢0(Ce)

R, (e) ~C, —
( ) nPCE—I(Q)(O)

» Similarly for the BSC and the fading channel...

logn

rcuy, (R) = Pouy(R) + Prog(R) + %%(R)

n
U

Llogn 1  ¢o(Ce)
_l’_ — -

2 n npe.—1(q)(0)
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Conclusions
°

In summary

> Expansion to the error probability based on saddlepoint approximation to the pairwise error
probability and Taylor expansion of the RCU

> Special case of BEC ¢, (R) ~ Pout(R) + L ¢o(R)
» BSC and fading channel €, (R) =~ Py (R) + 252 ¢, (R) + Loo(R)

n

> Relation to the rate R, (€) ~ Cout(€) + ﬁ logn + O (%)

> Useful tool to approximate any tail probability!

Thank you for your attention!
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