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What is asynchronism?

“When timing of information
transmission IS unknown to the recelver.”



Why important”

Because virtually all communication
systems are a priori asynchronous.



Channel burstiness
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Channel burstiness: models

Insertion-deletion-substitution channel (Dobrushin 1967)

W(ylz), zeX,ye)Y”

Channel coding theorem exists:

1
C'= lim —maxI(X™";Y")

n—oo N Xm

but no known single letter expression, even for the purely
deletion channel (Kanoria-Montanari 2013).



assumes that positions are known

Timing channels (Anantharam-Verdu 1996)
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Timing information embedded into a;+1 — a; and d; 1 — d; .

Well understood for exponential service, less so for other
service times.



this tutorial will focus mostly on one
type of asynchronism, here we briefly
review other setups

Source burstiness
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Small amounts of data because

sources produces small amounts of data
imited resources for transmission (energy harvesting
systems, Ulukus et al. 2015)



This tutorial: source burstiness

time

' |
\

“long”

Packets sent once in a “long” while
Fundamental limits (bits/channel use or /joule)?
Efficient communication strategies?



Roadmap

Preliminaries

Detection

Capacity & capacity per unit cost
Recelver sampling constraint

Finite length analysis



Preliminaries



Channel

W ={W(ylz),z € X,y € Y} DMC
X input random variable to channel W

Y output random variable to channel W

Hence if X ~ P then (X,Y) ~ PW = P(-)W(-|")



Notation




Typicality

. S A 1
empirical distribution: P.n(a) = EW . x; = a}

: . on : - B o [ 0(1)
typical sequence: z" € T(V) if ||Pyn — V|1 = <\ w(1/+/m)

if X™ iid. P then Pr( X" e€T(P))=1-o0(1)
Pr(X" e T(V)) =2 PWIP)

where D(V||P) = ZV ) log V(z)

P(x)
a, = b, = log Zn "0




Typicality (cont.)
Hence, if (X", Y") i.id. PW

then Pr((X™,Y") € T(J)) = 2~ PUIFPW)

and if (X™,Y™) i.i.d. PW,
then Pr((X",Y™) e T(J)) =2 "PUIPW.)

where

D(J||P,W,) Zny log (J( Y)



—nergy-limited synchronous communication

msg m, B bits

Input cost: x +— k(x) € Ry

Encoding: m +— 2™ (m)

Cost for sending m:  k(z"(m)) = Y k(w;(m))
Channel: x — Y ~ W (:|x) |

Decoding: m(Y™)



—nergy-limited synchronous communication

msg m, B bits

R — b pits/ioule

max,, k(x"(m))

n—oo

R achievable if Pr(m #m) — 0

Csync. = sup{achievable R}



msg m, B bits

Theorem (Gallager, Verdu, late 80’s)

I(X:Y)
Csync. — m)z(xx “:k(X)

It there exists a zero cost symbol

D(Y,||Yo)
Cs}’nc. — Hlan ]{7($)




Detection



Detection

I*,*,... * L *, k.. *

Single message z”

Sent at random time v ~ {1,2,..., A} across W
Receiver: YP® ~ W, s over {v,v+1,--- ,v+ B —1}

and Y ~ W, otherwise.



- Given Y4B~ 1 produce estimate o(YAT871) of v

B— o0

Largest A for whichPr(v #£2v) — 07

Optimal z?



A natural scheme

a,a,..., a

- Suppose slotted model, i.e., receiver knows v mod B

. Suppose P =a,a,...,0

- Declare v such that Y’*%~1is W,-typical



Analysis

P(v # v) < P(miss detection) 4+ P(false-alarm)
= P(Y, "7 ¢ T(W,)) + (A/B)P(Y™ € T(W,))

where Y¥E isi.i.d. ~ W,



Analysis

Pr(YB e T(W,)) = 27 BP(allYs)
= (A/B)P(YP € T(W,)) = o(1)

if A =2 with 8 < D(Y,||Ys)



Analysis

I a,a, ..., a I
B

vy y B A:2BB

Hence  Pr(v#v)=o0(l)as B — o©
if A = 2°P with 8 < D(Y,]||Y,)

largest B : B, = max D(Y,||Yx)

which corresponds to a = argmax D(Y,||Y,)



All observations”?

Sliding window seqguential detection:
r=min{t > 1: Y P e T(W,)}

achieves same performance as non-sequential.

A =2PP



Non-slotted model 7

Slotted model guarantees “pure hypothesis”

A =20



Non-slotted model?

Modity stIightIy to get low autocorrelation;

Hamming distance with any of its shift is ©(B).

A = 9PB



B8 > Bo,: converse (intuition)

I a,a,..., a I
L B

Y B
v A =2PF

. Assume z® = o

- Reveal v mod B

- Typicality decoding ~ MAP (can be shown)
. wm . Pr(YB e T(W,)) =1-0(1)

. wemm: Pr(YB e T(W,)) = 27 BPYall¥s)

. Pr(false-alarm) = 27 B(PYall¥2)=5)

- Non constant 2", no gain (can be shown).



Summary
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Theorem (Chandar-T-Wornell 2008):
Pr(v #v)=o0(l)as B —

iff A = 2°F with 8 < max D(Y,||Y,)

Optimal rule:
r=min{t > 1: Y P e T(W,5)}

A = 9PB



INnformation transmission



Bursty communication model

msg m, B bits

when transmission starts

when information is available

A = 2PB



Information transmission

msg m, B bits
T
*, %k, VX " (m) *, %, *
vo9 A =2°B
Y™
e— |
.. T ..
iid. ~ W, 1.1.d. ~ Wy

Delay constraint (for a meaningful problem):
given d wewant Pr(r —v <d)=1-—o0(1).



msg m, B bits

p
v x2™"(m) *, %,
o
Y"
C(A, d)?

How does it compare with C' = max I(X;Y)7?

A = 9PB



Small delay capacity

msg m, B bits

A=2°P

Theorem (Chandar-T-Tse 2013):

C(B,d= ZO(B)) — m)z(xxmin {I(X;Y),

B
Maxxepg I(X, Y)

where Pg is the set of inputs that achieve C(8,6 =0).

D(XY||X,Y;)
)

dmin (5) —




Remark

C\C@
&

D(XY

X, Y5)

C(B,d = 2°B)) = max min {I(X; Y),

X 1 -

= C(B,d=2°Py < C




Remark (cont.)

( D(XY||X,Y:)"
C(ﬁ,szO(B)):m)?xmin<I(X;Y), ( 1 ‘5’ )

Be=sup{B:C(B)=C}>0

iff (unique) capacity achieving output Y of sync
channel differs from Y since

/

D(XY||X,Y,) =I(X:Y)+ D(Y||Y,)

N——
>0



Small delay capacity: alternative scaling

msg m, B bits

1% o T A — 9an

A=2F =2" & o = BR

Theorem (Chandar-T-Tse 2013):

Cla,d=2°")=  max I(X:Y)
X:D(Y||Y,) >«

dmin(Q) = n



Achievabillity

msg m, B bits
e
vooat(m)
o2
_ 9BB
b A=2

{z"(m)} iid. P,o=v
7 =min{t > 1:Ims.t. (x”(m),Ytt_nH) c T(PW)}



Simplitied analysis (slotted)
l___y-__—T—-_—-I
A=2°B

Assume m =1 is sent
") e T(PW)) =1-o(1)
wem P((X"(2),Y") € T(PW)) = 2~ nPEYIIXY)

e P((X"(2),Y") € T(PW)) = 2~ "PEYIIX.Y.)



Simplitied analysis (slotted)
l___;__—T-__—-I
A =2PF

Hence Pr(error) — 0 if

e 2nR2—nD(XY||X,Y) _ 0(1)

(A/n)2no—nD(XYIIXY.) = 9=n(D(XY|IX,Y.)=R(1+5))

= o(1)
.e. R<DXY||X,Y)=I1(X;Y)
R(1+p8) < D(XY||X,Y,) #
D(XY||X,Y,)
)

= C(B8,6=0) > m)z(xxmin{[(X;Y),




Converse: intuition (small delay,§ = 0)

A=2°P

Effective output process: pure noise from v + d onwards
Differs from real output process when o +n > 7+d

Reveal effective output process to receiver



Converse: intuition (6 = 0)

A = 9PB

z%(m) z?(m)
szn—(a—u) (m)
| x x"(m) & I St
— e

o—V d Or



Converse: intuition (6 = 0)

z(m)

V

A =2PP

Without essential loss of generality assume {z%(m)} is of

constant composition P.

From synchronous communication:

log M

R =
d

<I(X;Y) with X ~P



Converse (cont.)

Decoding delay implies the receiver can locate codeword

- Reveal effective output process to receiver

- Reveal y mod d

- Ask recelver to detect and isolate sent codeword

A=2°F



A =2PF

Typic-decoding is essentially optimal (can be shown).



Typic-decoding error probability

1% Yd

A= 9PB

Assuming m =1 Is sent:

we P((X9(1),Y%) € T(PW)) =1 - o(1)
w— P((X%(2),Y%) € T(PW)) = 27 9PXY[IXY)

mmm P((X9(2),Y?) € T(PW)) = 27 PXY]IXY)

Union bound over msg: R < D(XY||X,Y)=I(X;Y)
Union bound over msg/slots:  R(1+ ) < D(XY||X,Y,)




Typic-decoding error probability

< d >
g ye A=2°F
R<D(XY||X,Y)=I1(X;Y)
1+ B) < D(XY|X,Y,)
_ ( D(XY||X,Y,
& R <min< I(X;Y), ( X, ¥y)
\ 145
B , . D(XY|X,Y,)"
= C'(6,0 =0) §m)?xmm{[(X,Y), 115 )> 4




Large delay capacity d = 2°F

2(5B

A =208

Theorem (Chandar-T-Tse 2013):
C(B,0) =C(8—9,0) forany 8>6 >0

Proof: reduce asynchronism by delaying transmission



Energy to transmit
asynchronously



Capacity per unit cost

Theorem (Chandar-T-Tse 2013):

C(B8,0 =0) = m)z(xxmin

B
MaxXxepg ](X, Y)

I(X;Y) D(XY||X,Y,)"
{ Ex(X) " (1+ B)EE(X),

dmin(ﬁ) —
where Pg is the set of inputs that achieve C(3,0 = 0) .
C(5,0)=C(8—-46,00 B=26=0

Proot: tfollow capacity arguments.



A natural case: k(x) =0

L D(Y:||Yy)
1+08 = k(x)

C

1+ 83
Example: Gaussian channel

r— x+ Z(0,N,/2)

k(z) =2%, =0



Alternative “proof” for C(8,4 = 0) when k(x) =0

m, B bits
)
I-__-___:____I
% d A
Equivalent scenarios -
A within d
sync.
m—~ v,W m,ﬁ/
Sync.

m,V —— W - maﬁ PPM




Alternative “proof” for C(5) when k(%) =0

m, B bits
l
I-_______-___I
Y A =2°8
Since k(x) = 0

cost to transmit B bits asynchronously
cost to transmit log(A/d) + B = 8B + B bits

synchronously via PPM.



Alternative “proof” for C(5) when k(%) =0

m, B bits

l
e s e s - e v s v

vV

Hence,

Mminimum cost to transmit 1 bit asynchronously

>

minimum cost to transmit 1 4+ 5 bits synchronously, 1.e.

1
C(5)

> (1+f)g & (1+H)C(8) < C



Alternative “proof” for C(5) when k(x) =0
m, B bits

l
e s ez e 2o

vV

Converse: optimality of PPM = (1 + 8)C(B8) > C(8) #



Energy to transmit and
recelve asynchronously



msg m, B bits

e
' x"(m)
[H-HH-HHEHE HE - - |
vV T

A =2PP

Transmission cost: k(x)

Reception cost: sampling rate

Motivation: power at receivers scales ~ linearly with p.



msg m, B bits

s
v CUn (m)

EH HHE - R |
V O T

A = 92PB

Transmitter: z"(m) at time o

Receliver: sampling, stop, decode

number of | until 7

p:
T

Receiver operates at rate 30% if Pr(p < 30%) =1 — o(1)



msg m, B bits

v
' z"(m)
FHAHHE A -
V T

Casyne. (8, 0)?

A =2°P



Theorem (non-adaptive sampling, T-Chandar-Caire 2014):
Forany >0 and 0<p<1

Casync.(ﬁa /0) — Casync.(ﬁa 1)

dmin(ﬁvp) — %dmin(ﬁa 1)



Achievability (asynchronism reduction)

consider coding scheme under full sampling

stretch codewords by 1/p, sample each 1/p output

| c"(m)
(T

Oo0o0oo0Do0oO0DO0ODO0ODOOOG OO

\

Converse

Non-adaptive sampling budget pA implies delay 1/p.
(change of measure argument).



Theorem (adaptive sampling, T-Chandar-Caire 2014);

Forany >0 and 0<p<1

Casync.(ﬁa 10) — Casync.(ﬁa 1)
dmin(ﬁv /0) — dmin(ﬁa 1)(1 T 0(1))

Minimum input energy,
minimum delay,

arbitrarily small sampling rate.



Achievability

Transmitter: random coding, o = v v

decoding function v/
Recelver: [ stopping rule
sampling strategy

?




Two-phase scheme

I c"(m)

AT Y

. d < n(1+o(1))

Sparse sampling: at multiples of 1/p compute

empirical distribution P of the last plog(n) samples.
f P,(T(P)) < e switch to full sampling for period n
At the end of the full sampling period, typic-decode

or return to sparse mode it no codeword is found.



Theorem (adaptive sampling, T-Chandar-Caire 2014):

Forany >0 and 0<p<1

Casync.(ﬁa ;0) — Casync.(ﬁa 1)
Amin (B, p) = dumin (B, 1)(1 4 o(1))

No loss for constant sampling rate but what it

o—0 7



Theorem (min,min,min Chandar-T 2016):
Forany >0 and 0<p<1

1f,0 — W(l/B) Casync.(@a ;0) — Casync.(ﬁv 1)
rnin (B, p) = dmin (5, 1)(1 4 0(1))

if p = o(1/B) unreliable communication



). Multi-phase
e
H, @ H e po < 1 <...<pp=1
J

skip samples
repeat

stop and decode



At each s-instant {t =5 -A,j € N}

test Ng, N1, ..., Ny samples
if atest — H, skip samples until next s-instant, repeat

if £ consecutive test — H,,,,, decode



Parameters can be chosen such that

p=w(1l/B)



Theorem (min,min,min Chandar-T 2016):

Forany >0 and 0<p<1

1f/0 — w(l/B) Casync.(ﬁy /0) — Casync.(ﬁa 1)
dmin(5> :0) — dmin(ﬁa 1)(1 T 0(1))

if p=0(1/B) unreliable communication

Artefacts of asymptotic analysis?



-Inite length analysis
( k(x) =1 )



Synchronous communication

|- | Pr(m#m)<e

Theorem (Strassen 1962, Polyanskiy et al. 2010)

B*(n,e) = nC — /nV-(W)Q () + O(logn)

T \

largest message size dispersion, “gap to capacity”



msg m, B bits
A

z"(m)

R e S
vV

<€

d

asynchronism «

sampling rate p

delay d

?

?

dispersion

A =207



z"(m)
| FEEEE e

Recall C(a) = N D(I}I/lﬁ%; - I(X;Y)

dmin() =n

Definition:
V. (W, ) dispersion of A

V(W )
synchronous channel W /
V(W)

under input constraint
D(Y||Y*) > a. | >




Minimum delay: dyn, = dmin =1

z"(m)
| e I
UV O T A = 9on

Theorem (full sampling, Polyanskiy 2013, Li-T. 2017)
B*(n,e,a, pn, = 1) = nC(a) — V/nV.(W,a)Q (e) + O(logn)

Theorem (sparse sampling Li-T. 2017)
B*(n,e,a,w(1/vn)) = nC(a) — /nVe(W,)Q ' (¢) + o(v/n)

B*(n, e, oz,cu(l(n)) =nC(a) — O(1/p,) + O(+/n)
& O(1/+/n)




Close to minimum delay: d,, = n(1 + o(1))

z"(m)
| e I
UV O T A = 9on

Theorem (sparse sampling Li-T. 2017)
B*(n,e,a,w(1/n)) =nC(a) — VnV-(W,a)Q () + O(logn)

minimum sampling rate minimum delay
& — &
d = n(l + 0(1)) dispersion Op = Cd(]./\/ﬁ)




Intuition: d,, = dmin = n
z"(m)

s s I

i
V O T A — 9an

B*(n,e,a,w(l/n)) =nC(a) — O(1/pn) + O(Vn)

At sampling rate p we miss O(1/p) symbols of the sent
codeword.

Soif p=o0(1/4/n) decoder will miss w(+/n)

of the sent codeword.

Codes of length n — w(yv/n) have w(yv/n)
order synchronous dispersion.



summary

msg m, B bits
s
l 2" (m)
H - - -
vV T

Capacity, capacity per unit cost
Tradeoffs between rate, delay, sampling rate

Finite length analysis



Open ISSUES

Bit asynchronism: capacity per unit cost?
Random/multiple access: bursty interference
(Chandar-T.-Caire 2014, Shahi et. al. 2016, Farkas-
K6i 2016)

Asynchronous networks (Shomorony et al. 2014,

Gallager 1976)
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lTypical scenarios

Message at transmitter Receiver
. . . : — Performance
arrival time size delay | sampling | decision time
Continuous fixed fixed fixed fixed fixed asymptotic
Bursty random random | variable | adaptive adaptive finite




msg m, B bits

A =2PF

s
v Cn(m)

el -
1% T
4 d= 2P »

Casync. (67 57 ,0)?



msg m, B bits

A =2PF

e
v Cn(m)

sl s O RERRLRRRRND- -
1% T

Casync. (67 :0)?






Synchronous communication

time

R T B I

- Voice, video
Packets sent contiguously
- Negligible cost to acquire synchronization













How does asynchronism impact capacity per unit cost?



Bursty communication model

msg m, B bits
RS,
*, %k, VX " (m) *, %, *
idle idle A
Y’n
- T T I
T L
ii.d. ~ W(-|x) ii.d. ~ W(|*)
NOISE NOISE

7. stopping time with respect to Y7, Yo, ...



Bursty communication model

msg m, B bits

A:level of asynchronism
o :transmission start time

One message sent over the [1,A4]

time



msg m, B bits

e
! z"(m)
AT e |
1% T
- Given g4

- Find Cagsync.(A) = sup{achievable R}



A natural scheme

msg m, B bits
s
v CUn (m)
R e ——
/ T A

Random code {z"(m)} i.id. P

Sequential typicality:

T=inf{t > 1: (z"(m),y;_,,.,) PW-typical for some m}



Analysis

msg m, B bits
s
\ 4
R e ——
/ T A

- Random code {z"(m)} iid. P

Sequential typicality:

T=inf{t > 1: (z"(m),y;_,,.,) PW-typical for some m}



msg m, B bits
P

v c"(m)
[H A HHH - - s
% T

Casync. (Av /0)?




Bursty communication model

msg m, B bits

c"(m) time



Bursty communication model

msg m, B bits
EEE
*, *, v * Cn(m) *, *7 *
I : EmremparessessHH I
. V O- A
idle idle
Y’rL

Lid. ~ W(|%) Lid. ~ W(|%)



msg m, B bits
A

c"(m)

L
U T

Input cost

Qutput cost: sampling rate

number of | until 7

p:
T



msg m, B bits
P

v c"(m)
[H A HHH - - s
% T

Casync. (Av /0)?




p=1

msg m, B bits

v c"(m)

I -------------------------- === -
vV T

Theorem (Chandar, T., Tse 2010):

I(X;Y) I(X;Y)+ D(Y||Yy)

A=2°F

Casyne.(4,p=1) = max min {

k(X))

Minimum delay  dmin(3,p = 1)(= O(B))

(1+5)

T (X)

/



0<p<1

msg m, B bits

Theorem (Chandar, T., Caire 2013):

Casync.(ﬁa IO) — Casync.(@v 1)

dmin(ﬁ,p) ~ dmin(ﬁvp — 1)

A = 2PB

for any 5 > 0



msg m, B bits

s

' c"(m)
{HAHHAHHHHHH A —————————————

v T

No loss for constant sampling rate.

p— 07

A = 2PB



Main result

v T
A=2°F
heorem: for any 8 > 0
1f,0 — w(l/B) Casync.(A7 ,0) — Casync.(A7 1)

dmin(ﬁ,ﬂ) ~ dmin(ﬁap — 1)

if p = o(1/B) unreliable communication



Achievability

Transmitter: random coding v/

decoding function v
Receiver: [ stopping rule
sampling strategy

Message detection with p = w(1/B) samples?



o) n Multi-zoom
e
H @ H po < p1 < < pp =1
% msg “ ..

skip samples
repeat

stop and decode



At each s-instant {t =5 -A,j € N}

test Ng, N1, ..., Ny samples
if atest— H, skip samples until s-instant, repeat

if £ consecutive test — H,,,,, decode



Parameters can be chosen such that

p=w(1l/B)



Summary

Fundamental tradeofts for bursty communication
To combat asynchronism we only need strong
signals; better output sampling does not help
Decoder can sleep almost all the time and yet be

maximally efticient (asympt.).



o

Design tests such that first phase dominates:

#{noise samples at s-instant} ~ Ny
N() — (U(].)
w(1)

TP

But A = o(B) otherwise change is missed.
= p~w(l/B)

—



