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Theorem 1
history of communication = history of wireless




Japanese scientists dug 50 meters underground and
discovered small pieces of copper. After studying these
pieces for a long time, Japan announced that the ancient

Japanese 20,000 years ago had a nationwide telephone
network.
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deeper. 100 meters down, they found small pieces of glass
and they soon announced that the ancient China 30,000
years ago already had a nationwide fiber network.




Japanese scientists dug 50 meters underground and
discovered small pieces of copper. After studying these
pieces for a long time, Japan announced that the ancient
Japanese 20,000 years ago had a nationwide telephone
network.

Naturally, the Chinese government was not that easily
impressed. They ordered their own scientists to dig even
deeper. 100 meters down, they found small pieces of glass
and they soon announced that the ancient China 30,000
years ago already had a nationwide fiber network.

American scientists were outraged. They dug 50, 100 and
200 meters underground, but found nothing. They




Theorem 2
history of wireless = history of relaying
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Good Pay

Nearly four million U.S. jobs are
directly or indirectly associated
with wireless, and they pay 65%
higher wages than the national
average.

Source: Larry Summers, *Technalogical Opportunities, Job Creation,
and Economic Growth," Remarks at the New America Foundation,
June 28, 2010, at http:

job » jic-grawth,

U.S. Wireless Major Industry

The U.S. wireless industry is

valued at nearly $196 billion,

which is larger than publishing,
agriculture, hotels and lodging,

air transportation, and motor vehicle
manufacturing segments.

Source: Roger Entner, The Wire less Industry: The Essential Engine
of US Economic Growth, Recon Analytics, April 2012, available

athtp P

Wireless-The-Ubiquitous-Engine-by-R Analytics-1.pdf. [at p.1]
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What the hell, Samuel!

You’re so old fashioned

Nowadays everything is
\ wireless!




Where is wireless going?

Exabytes per Month 61% CAGR 2013-2018

18

il

2013 2014 2015 2016 2017 2018

M Mobile File Sharing (2.9%)
M Mobile M2M (5.7%)

M Mobile Audio (10.6%)

M Mobile Web/Data (11.7%)
M Mobile Video (69.1%)

Figures in parentheses refer to traffic share in 2018.
Source: Cisco VNI Mobile, 2014
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Where is wireless going?

Billions of Devices 8% CAGR 2013-2018

12

W Other Portable Devices (0.3%, 0.3%)
M Tablets (1.3%, 5.0%)

M Laptops (2.1%, 2.6%)

B M2M (4.9%, 19.7%)

I Smartphones (24.9%, 38.5%)
M Non-Smartphones (66.4%, 33.9%)

2013 2014 2015 2016 2017 2018

Figures in parentheses refer to device or connections share in 2013, 2018.
Source: Cisco VNI Mobile, 2014
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About this tutorial

O () (@

D ))) ((W)) ((( .

((2))

e Information theory for relay networks
» What is the limit on the amount of reliable communication?

» What are the coding schemes that achieve this limit?
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About this tutorial

O ((p) (r)

R ()

e Information theory for relay networks
» What is the limit on the amount of reliable communication?

» What are the coding schemes that achieve this limit?

e Personal angle on the topic (not a comprehensive survey of the literature)
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Organization

¢ Single-hop communication

» Multiple access (many-to-one)
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Organization

¢ Single-hop communication

» Multiple access (many-to-one)

> Broadcast (one-to-many) G))) @ @
e Basic relaying techniques ((w))

» Partial decode-forward (PDF) G’)) (@)

» Compress—forward (CF) (@)
* Multihop communication G’)) (x))

» Noisy network coding (NNC)
» Distributed decode—forward (DDF)

e Limit on communication

» Cutset bound

» Directed cutset (cutlet) bound C<...IX%7Y)... J
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Multiple access channel

—— > Encoder1l

— 1 Encoder 2
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Multiple access channel

—— > Encoder1l

— 1 Encoder 2

Y?l

POlx;, x,)

o A (2" 2R 1) code:

» Message sets: [1: 2"%1] and [1: 2"%2]

» Encoderj=1,2: xf(mj)
» Decoder: (i, (y"), i, (y"))

o (M, M,) ~ Unif ([1: 2""1] x [1: 2"*2])

Decoder

* Average probability of error: P™ = P{(M,, M,) # (M, M,)}
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Multiple access channel

M, Xl'1
— Encoder1 R
Y" M, M,
pylx;, x,) Decoder ———=»
M, X!

— 1 Encoder 2

A "R 2" ) code:

» Message sets: [1: 2"%1] and [1: 2"%2]
» Encoderj=1,2: xf(mj)

» Decoder: (i, (y"), i, (y"))

(M, M) ~ Unif([1: 2"%] x [1: 2"%2])

Average probability of error: P = P{(M,, M,) # (M,, M,)}

P =0

n—0o0 ~ e

(R, R,) achievable if 3 (2™, 2"%2 1) codes such that lim
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Multiple access channel

—— > Encoder1l >

Y" M,, M,
Decoder ———»

¥

POlx;, x,)

— 1 Encoder 2 >

A "R 2" ) code:

» Message sets: [1: 2"%1] and [1: 2"%2]
» Encoderj=1,2: xf(mj)

» Decoder: (i, (y"), i, (y"))

(M, M) ~ Unif([1: 2"%] x [1: 2"%2])

Average probability of error: P = P{(M,, M,) # (M,, M,)}

P =0

n—0o0 ~ e

(R, R,) achievable if 3 (2™, 2"%2 1) codes such that lim

Capacity region %" Closure of the set of achievable rate pairs (R, R;,)
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Random coding and simultaneous decoding

e Codebook generation:
> Independently generate 2" sequences x (m,) ~ [, px, (x,,), m, € [1:2"]

> Independently generate 2"** sequences x5 (m,) ~ [, px, (x,), m, € [1: 2"%]
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Random coding and simultaneous decoding
e Codebook generation:
> Independently generate 2" sequences x (m,) ~ [, px, (x,,), m, € [1:2"]
> Independently generate 2"** sequences x5 (m,) ~ [, px, (x,), m, € [1: 2"%]
e Decoding:
» Find unique (#i,, 7i1,) such that (x] (7i1,), X} (71,), y") € T"

R,
A

¢ Capacity region (Ahlswede 1971, Liao 1972)
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Broadcast channel

A J

Decoder] ————

M,, M, X"

— | Encoder

P> y2lx)

v

A J

Decoder2 —»

o (2", 2% u) code, P™, achievability, 4’: Same as before
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Broadcast channel

A J

Decoder] ————

M,, M, X"

— | Encoder

P, y2l1x)

v

A J

Decoder2 —»

o (2", 2% u) code, P™, achievability, 4’: Same as before

e Capacity region is not known in general
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Superposition coding

Ul

—

U;

—

x(uy, uy)

Xn
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Superposition coding

Uy
—
x(uy, uy)
U;

—

Xn

PG>y, 1)

e Independent U;'(m;) and U, (m,) (as in MAC)
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Superposition coding

) R
Xn
x(uy, uy) P> y,1%)
Uy Yy
— —»

e Independent U;'(m;) and U, (m,) (as in MAC)
e Asimple inner bound: (R, R,) is achievable if

R, < I(U; Y,),
R, < I(U,; Y,)

for some p(u,)p(u,) and function x(u,, u,)
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Marton coding

U?l

U;

x(uy, uy)

Xn

e Can we make U}’ and U, dependent?

Young-HanKim (UCSD)

PG>y, 1)

Wireless Relay Networks

ESIT 2015

22/60



Marton coding

) R
Xn
x(uy, uy) P> y,1%)
Uy Yy
— —»

e Can we make U}’ and U, dependent?

Marton (1979)
(Ry, R,) is achievable if

R < I(U;Y)),
R, < I(Uy Y,),
R +R, < I(Us Y)) +I(Uy; Y,) — I(Uy; U,)

for some p(u,, u,) and function x(u,, u,)
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Multicoding and joint typicality encoding

e Foreach m;, generate a subcodebook Cj(mj) consisting of uf(lj) ~ ]_[?zlpUj(uﬁ)

e For each (m,, m,), find jointly typical (u (1), u5(1,)) € C,(m,) x C,(m,)

C) C2) «-- Clmy) .- CE2™)

u;’(ll) 2”A1
u;’(lz) ....‘.... 0000 0000 0000 0000

°
]
Cz(l) :
[
]
L]
C,(2) :
[
[ ]
L]
oz e
L[]
[
]
L]
Cz(anz) :
°
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e For each (m,, m,), find jointly typical (u (1), u5(1,)) € C,(m,) x C,(m,)

Cl(l) C1(2) e Cl(ml) L C1(2"R1)
”?(ll)
u;l(lz) 0000 0000 0000 0000 0000 0000
02(1) E L ] ¢ L ] * )
J . .| N
C,(2) 4 . o~
. . o
Cz(anz) E ° . ¢ °
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Multicoding and joint typicality encoding

e Foreach m;, generate a subcodebook Cj(mj) consisting of uf(lj) ~ ]_[lepUj(uﬁ)

e For each (m,, m,), find jointly typical (u (1), u5(1,)) € C,(m,) x C,(m,)

Cl(l) C1(2) L Cl(ml) L C1(2"R1)
”?(ll)
1 (1) 0000|0000 /0000 00ce|/0ccc0cce
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Marton coding

Un
1,

x(uy, u,)
Uy

—

Xrl

e Can we make U}’ and U, dependent?

Marton (1979)
(Ry, R,) is achievable if

R < I(U;Y)),
R, < I(Uy Y,),
R, +R, < I(Uys Yy) + I(Uy; Yy) - I(Uy; Uy)

for some p(u,, u,) and function x(u,, u,)

P> y21%)

e Essentially the best known scheme for broadcast (dirty paper coding)
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Relay channel

Relay encoder

[
n
Y2

A

X

— Encoder

e A(2"8 n) code:
» Message set: [1:2"%]
» Encoder: x]'(m), m € [1:2""]

» Decoder: #1(y})

Young-HanKim (UCSD)
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Relay channel

Relay encoder

A
n n
Y2 XZ

v

—— Encoder Py yslxp5 x,) Decoder —

o A(2"®, n) code:
» Message set: [1:2"%]
» Encoder: x]'(m), m € [1:2""]
» Decoder: #1(y})

» Relay encoder: x,,(y,™"),i € [1: 1]
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Relay channel

Relay encoder

A

n n
YZ XZ
Y

P25 y3lxps x,)

\ 4

Decoder ———»

— Encoder

Y

o A(2"®, n) code:
» Message set: [1:2"%]
» Encoder: x]'(m), m € [1:2""]
» Decoder: #1(y})

» Relay encoder: x,,(y,™"),i € [1: 1]

* Average probability error: P\ = P{M # M}

Young-HanKim (UCSD) Wireless Relay Networks ESIT 2015 25/ 60



Relay channel

— Encoder

Relay encoder

A

Y X

Y

e A (2" 1) code:
» Message set: [1:2"%]

» Encoder: x]'(m), m € [1:2""]

» Decoder: (y3)

» Relay encoder: x,,(y,™"),i € [1: 1]

Y

P> y3lx1, x,)

\ 4

e Average probability error: Pi") = P{M # M}

¢ Achievable rate R: a sequence of (
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Relay channel

— Encoder

Relay encoder

A

Y X

Y

e A (2" 1) code:
» Message set: [1:2"%]

» Encoder: x]'(m), m € [1:2""]

» Decoder: (y3)

» Relay encoder: x,,(y,™"),i € [1: 1]

Y

P> y3lx1, x,)

\ 4

e Average probability error: PE") = P{M # M}

¢ Achievable rate R: a sequence of (

2nR

, n) codes such that lim

Decoder

P =0

n—0o0 " e

e Capacity C: the supremum of all achievable rates (not known in general)

Young-Han Kim (UCSD)

Wireless Relay Networks

ESIT 2015

25/60



Dictionary of relaying schemes

¢ Standard parlance: decode—forward, amplify—forward, compress—forward
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Dictionary of relaying schemes

denoise C()mplIte multiply

bm llf e

ean concatenate demodulate calculate

FORWARD
écode™

POﬁmeqnlalttuzefmnnmm

http://circuit.ucsd.edu/~yhk/relaying.html
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Cutset upper bound

Cover—El Gamal (1979)

C < Rgg = max min{I(X, X,; Y3), I(X; Yy, Y;31X,)}
Pxpsxy)
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Cutset upper bound

Cover—El Gamal (1979)

C < Rgg = max min{I(X, X,; Y3), I(X; Yy, Y;31X,)}
plx1%,)

XZ
X, Y, Y,
1(X,, X,3 Y3) 1(X5 Y, Y51X,)
Cooperative MAC bound Cooperative BC bound
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Direct transmission

C> max I(X;; V3|X, =x;)
pxy)s X,

Young-HanKim (UCSD)
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Multihop

¢ Block Markov coding: Send b — 1 messages over b n-transmission blocks

n
’ my ‘ my ms st ‘ My ‘ 1 ‘
Block 1 2 3 N b-1 b
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Multihop

¢ Block Markov coding: Send b — 1 messages over b n-transmission blocks

n
’ my ‘ my ms st ‘ My ‘ 1 ‘
Block 1 2 3 N b-1 b

> 4—\:’

Mj_>x1/

=

2
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Multihop

¢ Block Markov coding: Send b — 1 messages over b n-transmission blocks

n
’ my ‘ my ms st ‘ My, ‘ 1 ‘
Block 1 2 3 b-1 b
1\71]- MH
by
Y,: X

Mj_»)(l/

Young-HanKim (UCSD)
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Multihop

¢ Block Markov coding: Send b — 1 messages over b n-transmission blocks

n
’ m ‘ m, m; ‘ My ‘ 1 ‘
Block 1 2 3 N b-1 b
M; M,
Y,: X
C> max min{I(X,;Y;), I(X;; Y,1X,)} J
P(xl)P(xz)
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Coherent multihop

¢ Since sender knows what relay knows, they can coherently cooperate

Young-HanKim (UCSD) Wireless Relay Networks ESIT 2015 30/60



Coherent multihop

¢ Since sender knows what relay knows, they can coherently cooperate

]}4} A4il
Y,: X,
(Mj—l’Mj) — X Y; —» Mj—l

e Codebook structure: xf(mjlmj_l), xg‘(mj_l)
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Coherent multihop

=

¢ Since sender knows what relay knows, they can coherently cooperate

(Mj—pMj) — X, / \ Y, —» ]\A/[ji1

e Codebook structure: xf(mjlmj_l), x;‘(mj_l)

<=

[N}

2N -—

C > max min{I(X,; Y3), [(X;; Y51 X,)}

pxp,x)
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Decode-forward

¢ Also utilize the direct path via more sophisticated decoding

by
Y,: X,
M, M) — X, > Y, —» Z\A/ijl
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Decode-forward

¢ Also utilize the direct path via more sophisticated decoding

Y,: X,
(M, M;) —» X, — Y, —» M,
Block 1 2 3 b-1 b
X; o (mll)  x{(mylmy)  x(mslmy) ... x(mp_ylmy_y)  x)(Umy_y)
Y,
X5
Y,
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Decode-forward

¢ Also utilize the direct path via more sophisticated decoding

];I] A/Ii_]
Y,: X,
M, M) — X, — Y, —> M,
Block 1 2 3 b-1 b
X xq () xf (mylmy)  xf (mslmy) X (my_lmy_y)  x (Ump_y)
Y, 1 — iy — 3 — My 0
X5
Y,
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Decode-forward

¢ Also utilize the direct path via more sophisticated decoding

1y
Y,: X,
M, M) — X, — Y, —> M,

Block 1 2 3 b-1 b
Xy x;l(mlll) xf(mzlml) xf(m3|m2) x?(mb-ﬂmb—z) x;l(llmb—l)
Y, 1 — iy — 3 — My 0
X, x5 (1) x5 (i) x5 (,) x5 (iity_3) x5 (1)
Y,
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Decode-forward

¢ Also utilize the direct path via more sophisticated decoding

];I] A/Ii_]
Y,: X,
(M, M;) —» X, — Y, —» M,
Block 1 2 3 b-1 b
Xy x;l(mlll) xf(mzlml) xf(m3|m2) x?(mb-ﬂmb—z) x;l(llmb—l)
Y, 1 — iy — 3 — My 0
X, x;‘(l) x;l(ﬁ"l) x;(ﬁ"z) xg(ﬁ"b—z) x;(ﬁ"b—l)
Y, 0 y — 1y — My — My
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Decode-forward

¢ Also utilize the direct path via more sophisticated decoding

/ o \
(M, M;) —» X, Y, —» M

Cover-El-Gamal (1979)

C > max min{I(X, X,; Y;), I(X;; Y, |X,)}
p(x1,%2)
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Decode-forward

/ o \
(M, M) —» X, >V, —» M,

* Decode-forward: C > max,, ., min{I(X;, X,; Y3), I(X;; Y,1X;)}
Cutsetbound:  C < max,, .\ min{I(X;, X,; Y3), I(X;; Y, Y;|X,)}
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Decode-forward

/ - \
(M, M) —» X, >V, —» M,

* Decode-forward: C > max,, ., min{I(X;, X,; Y3), I(X;; Y,|X,)}
Cutsetbound:  C < max,, .\ min{I(X;, X,; Y3), I(X;; Y, Y;|X,)}

4—\:'

<~ =
S

e Performs well when the relay is stronger than the receiver
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Decode-forward

/ - \
(M, M) —» X, >V, —» M,

ymin{I(X,, X,; Y3), I(X;5 Y,1X,)}
min{I(Xl,Xz; Y3)s I(Xl; YZ’ Y3|X2)}

4—\:'

< X
v

e Decode-forward: C > max,,

(X152,
Cutsetbound:  C < max,, .,

e Performs well when the relay is stronger than the receiver

e But worse than even direct transmission if the relay is weaker
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Decode-forward

(M, M) — X, / M

> Y, —» =

o

o

<> &

S}

* Decode-forward: C > max,, ., min{I(X;, X,; Y3), I(X;; Y,|X,)}

min{I(X;, X,; Y3), I(X;; Yy, Y51X,)}

(X152,
Cutsetbound: C< max,,

(x15%2)

e Performs well when the relay is stronger than the receiver
e But worse than even direct transmission if the relay is weaker

e Solutions:
» Partial decode—forward: Recover only part of the message

» Compress—forward: Do not recover the message at all

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 32/60



Partial decode-forward

(A/IJ",]:M]()M;,) —> Xl > Y3 —> (Mj’,pMj,i])

. n ! ! n ! n ! n !
¢ Codebook structure: (u" (m;|m;_,), x; (mj, m; |m;_,), x5 (m;_))
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Partial decode-forward

st 4
by

(MJ"*PMJ(’M;,) — X / >V, —> (M,;*I’M](il)

. n ! ! n ! n ! n !
e Codebook structure: (u (mjlmjfl),x1 (mj,mj |mj—1)’x2(mj—l))

e Decode-forward of Mj’ over p(y,, yslu, x,)
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Partial decode-forward

~

=

~TL
T

~— X
4—

ke

M, M, M) — X

> Y, —» (MJ"«M]";)

e Codebook structure: (u”(m]flm]'.fl),xf(m]'., m}’|m;71)) x;‘(m]'.fl))
e Decode-forward of Mj’ over p(y,, yslu, x,)

* Direct transmission of M;" over p(ys|x;, u, x,)
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Partial decode-forward

/ Y2 :XZ \
(M M, M) —> X, Y (L, M)

Cover—El Gamal (1979)

C>Rppp = max min{I(X,,X,; Y3), I(U; Y, |X,) + I(X;; Y31 X,, U)}

pu,x1,%,)
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Partial decode-forward

/ Y2 :XZ \
0 0, 4) —> X, -y = ()

Cover—El Gamal (1979)

C>Rppp = max min{I(X,,X,; Y3), I(U; Y, |X,) + I(X;; Y31 X,, U)}

pu,x1,%,)

e Direct transmission (U = @, M = 0):

Rpr = max I(X;; Ys)
P(Xl)

Young-HanKim (UCSD) Wireless Relay Networks ESIT 2015 33/60



Partial decode-forward

/ 2
M, M, M) — X

Cover—El Gamal (1979)

~

=

~TL
T

~— X
4—

S

2 \
> Y, —» (MJ"«M]";)

C > Rppy = max min{I(X,, X,; Y3), I(U; Y,|X,) + I(X;; Y5 |X,, U)}
p(u

»X15X;)

e Direct transmission (U = @, M = 0):

Rpr = max I(X;; Ys)
P(Xl)

* Decode-forward (U = X;, M" = 0):

Rpp = max min{I(X;, X,; Y3), I(X;; Y51 X,)}

pxp,x,)
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Partial decode-forward

/ 2
M, M, M) — X

Cover—El Gamal (1979)

~

=

~TL
T

~— X
4—

S

2 \
> Y, —» (MJ"«M]";)

C > Rppy = max min{I(X,, X,; Y3), I(U; Y,|X,) + I(X;; Y5 |X,, U)}
p(u

»X15X;)

¢ Alternative representation (El Gamal-Aref 1982):

Rppr = max min{l(X;, X,; Y3), I(X;; U, Y51X;) - [(U; X, 1X,, Y,)}

P(anl ,X3)
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Partial decode-forward

/ 2
M, ML M) —> X,

Cover—El Gamal (1979)

=

— "

~— X
S

2 \
> Y, —» (Z\A/Ij'fl,]\A/I].'il)

C > Rppy = max min{I(X,, X,; Y3), I(U; Y,|X,) + I(X;; Y5 |X,, U)}
p(u

»X15X;)

¢ Alternative representation (El Gamal-Aref 1982):

Rppr = max min{l(X;, X,; Y3), I(X;; U, Y51X;) - [(U; X, 1X,, Y,)}

P(anl ,X3)

e Comparison to the cutset bound:

Rcg = max min{I(X}, X,; Y3), I(X;; Yy, Y51X,)}

L ETES
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Compress-forward

Yy Yo
Y,: X,
M, — X, >V, —» M,

Young-HanKim (UCSD) Wireless Relay Networks ESIT 2015 34/60



Compress-forward

e Codebook structure: (x{‘(mj),x;‘(lj_l),jfg(kjllj_l))
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Compress-forward

v,
Y,: X,
M, —» X, > Y, —» M,

e Codebook structure: (x{‘(mj),x;‘(l-_l),jfg(kjllj_l))

J
Block 1 2 3 » b-1 b
X, X1 (my) xy (my) xy (m3) .. X1 (my,_y) x (1)
Y,
X,
T3
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Compress-forward

v,
Y,: X,
M, —» X, > Y, —» M,

e Codebook structure: (x{‘(mj),x;‘(lj_l),jfg(kjllj_l))

Block 1 2 3 b-1 b
X X1 (my) xy (my) xy (m3) e X1 (my,_y) x (1)
O B IO A A (T WA 1 S 0
X,
Y;
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Compress-forward

v,
Y,: X,
M, —» X, > Y, —» M,

e Codebook structure: (x{‘(mj),x;‘(lj_l),jfg(kjllj_l))

Block 1 2 3 . b-1 b
Xy | (my) xj (my) x(ms) . ] (my) (1)
Y, | Fhal), b §h0alh), L 3hslh). b 3y (kylle-a)s o 0
X x5 (1) x5 (h) EAO)) - %5 (ly-2) %5 (lpy)
Y3

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015

34/60



Compress-forward

Vv
Y,: X,
M, —» X, > Y, —» ]\A/ijl

e Codebook structure: (x{‘(mj),x;‘(lj_l),jfg(kjllj_l))

Block 1 2 3 . b-1 b
X, X1 (my) xy (my) xy (m3) . X1 (my,_y) x (1)
Yy | i), b Gl L pykslh) s o 3 (keollpa)s Iy 0
X5 x5 (1) x5 () x5 (L) e x5 (Iy-2) x5 (1)
Y; 0 Lk bk o gk Bk
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Compress-forward

Y
/ o
M > X, > Y, —» Mj,l
Cover-El Gamal (1979)
C=Rqp = max I(Xl; }72; Y3|X2)

)PP P ly2,): (X3 Y3)2I(Y 55 Y5 X5, Y3)
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Compress-forward

/ 2t \
M, —» X, > Y, —» M,

Cover—El Gamal (1979)

il O
NN -+

C>Rep = max , I(X;; Y,, Y51X,)
PG)p(x)p(F2ly25%2): 1(X53Y3)21(Y55 Y5 1X5,Y3)

¢ Alternative representation (El-Gamal-Mohseni-Zahedi 2006):

Rep = max min{I(X,, X,; Y3) - [(Y,; Y, 1X,, X,, Y3), I(X;; Vs, V51X,)}
Ppx)p(x2)p(F2ly25%2)

Young-HanKim (UCSD) Wireless Relay Networks ESIT 2015 34/60



Compress-forward

Y
by
Y,: X,

/2: \
Mj—>X1

Cover—El Gamal (1979)

>V, —» M,

C>Rep = max , I(X;; Y,, Y51X,)
PG)p(x)p(F2ly25%2): 1(X53Y3)21(Y55 Y5 1X5,Y3)

¢ Alternative representation (El-Gamal-Mohseni-Zahedi 2006):

Rep = max min{I(X,, X,; Y3) - [(Y,; Y, 1X,, X,, Y3), I(X;; Vs, V51X,)}
Ppx)p(x2)p(F2ly25%2)

e Comparison to the cutset bound:

Reg = 1('nax)min{I(X1,X2; Yy), (X5 Yy, Y51X,)}
Plx1x5
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Partial decode—-forward vs. compress—forward

Rppr = maxmin{I(X;, X,; Y3), -I(U; X,1X,, Y,) + I(X;; U, Y5|X,)},
Rep = maxmin{I(X;, X,; Y3) - [(Yy; V51X, X,, YV3),  I(Xy; Yy, Y51X,)),
Rcg = max min{I(X,, X,; Y3), I(X; Yy, Y51X,)}
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Partial decode—-forward vs. compress—forward

Rppr = max min{I(X;, X,; Y3), ~I(U; X,|X,, Y,) + I(X; U, Y51X,)},
Rep = maxmin{I(X,, X,; Y3) = I(Yy; YV, 1X,, X,, Y3),  I(X5 ¥, Y31 X5)h,
Rcg = maxmin{I(X;, X;; Y3), I(X;; Yy, Y31X,)}

Z,

Z,
& ®_> LEERS 83 i
X &1 N\ Y
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Partial decode—-forward vs. compress—forward

Rppr = max min{I(X;, X,; Y3), ~I(U; X,|X,, Y,) + I(X; U, Y51X,)},
Rep = maxmin{I(X,, X,; Y3) = I(Yy; YV, 1X,, X,, Y3),  I(X5 ¥, Y31 X5)h,
Rcg = maxmin{I(X;, X;; Y3), I(X;; Yy, Y31X,)}

Z,

Z,
& ®_> LEERS 83 i
X &1 N\ Y

® Appr = Reg — Rppp €1/2and Agp = Reg — Rep <1/2 (cf. Jin-Kim 2014)
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Partial decode—-forward vs. compress—forward

Rppr = max min{I(X;, X,; Y3), ~I(U; X,|X,, Y,) + I(X; U, Y51X,)},
Rep = maxmin{I(X,, X,; Y3) = I(Yy; YV, 1X,, X,, Y3),  I(X5 ¥, Y31 X5)h,
Rcg = maxmin{I(X;, X;; Y3), I(X;; Yy, Y31X,)}

Z,

Z,
& ®_> LEERS 83 i
X &1 N\ Y

® Appr = Reg — Rppp €1/2and Agp = Reg — Rep <1/2 (cf. Jin-Kim 2014)

e Choiceof U
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Partial decode—-forward vs. compress—forward

Rppp = maxmin{I(X,, X,; Y3),  —I(U; X, |X,, V) + I(X; U, Y51X,)),
Rep = maxmin{I(X,, Xy; Y3) = I(Ys; Y, X, X,, Ys), 1(Xy5 Vs, Y31 X))
Rcg = maxmin{I(X;, X;; Y3), I(X;; Yy, Y31X,)}

Z,

Z,
& ®_> LEERS 83 i
X &1 N\ €

® Appp = Res — Rppp < 1/2and Aqp = Reg — Rep < 1/2 (cf. Jin-Kim 2014)

e Choiceof U: U = g, X; +N(0,1) ~ Y, (cf. Lim-Kim-Kim 2014a)
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Partial decode—-forward vs. compress—forward

Rppp = maxmin{I(X,, X,; Y3),  —I(U; X, |X,, V) + I(X; U, Y51X,)),
Rep = maxmin{I(X,, Xy; Y3) = I(Ys; Y, X, X,, Ys), 1(Xy5 Vs, Y31 X))
Rcg = maxmin{I(X;, X;; Y3), I(X;; Yy, Y31X,)}

Z,

Z,
& ®_> LEERS 83 i
X &1 N\ €

® Appp = Res — Rppp < 1/2and Aqp = Reg — Rep < 1/2 (cf. Jin-Kim 2014)
e Choiceof U: U = g, X; +N(0,1) ~ Y, (cf. Lim-Kim-Kim 2014a)

e Choice of Y,
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Partial decode—-forward vs. compress—forward

Rppp = maxmin{I(Xl,Xz; Y;), -I(U; X,1X,, Y,) + I(Xy; U, Y3|X2)},
Rep = maxmin{I(X,, Xy; Y3) = I(Ys; Y, X, X,, Ys), 1(Xy5 Vs, Y31 X))
Rcg = maxmin{I(X;, X;; Y3), I(X;; Yy, Y31X,)}

Z,

Z,
& ®_> LEERS 83 i
X &1 N\ €

® Appp = Res — Rppp < 1/2and Aqp = Reg — Rep < 1/2 (cf. Jin-Kim 2014)
e Choiceof U: U = g, X; +N(0,1) ~ Y, (cf. Lim-Kim-Kim 2014a)
e Choiceof Y,: ¥, = Y, + N(0,1) (cf. Avestimehr-Diggavi-Tse 2011)
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Comparison of coding schemes
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Relaying for networks

\
C
\
,0

Simultaneous decoding

e Superposition coding

Multicoding

Block Markov coding
Decode-forward
Compress—forward
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Relaying for networks

Tr® | e
SRR
4Se] & 3.
>fos)
—
&
e Simultaneous decoding ¢ Noisy network coding
e Superposition coding e Distributed decode—forward
e Multicoding

Block Markov coding

Decode-forward
Compress—forward
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Putting things together

e Often vanilla extensions do not work
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Putting things together

e Often vanilla extensions do not work

e Building blocks should be refined
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Multiple access relay network
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Multiple access relay network
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Multiple access relay network

e Multihop uplink communication
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Multiple access relay network

e Multihop uplink communication

o A" .. 2" ) code:
» Message set: [1:2"01] x ... x [1: 2"’¥1]
» Encoder: xji(mj,y;'l),j €[l1:N-1],ie[l:n]
» Decoder: (i, ..., fity_) (YY)
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Cutset outer bound

El Gamal (1981)

R(S) = ) Ry < I(X(S); Y(S)IX(S), VS
j€S

for some p(xN)
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Noisy network coding = CF for networks

Block Markov coding: Splitting of M, over b blocks of n transmissions

Relay compression: Relay k describes Y, with ¥ (L,)

Auxiliary index: X, conveys (L, M)

Simultaneous decoding: Yy recovers (M,,L,)
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Noisy network coding = CF for networks

Yassaee—Aref, Lim—Kim-El Gamal-Chung (2011), Hou-Kramer (2012)

R(S) < I(X(S); Y(S9)IX(89) - [(Y(S); Y(8) X", ¥(S7)), ¥S

for some [T, p(x)pGrelye %)
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Deterministic network (Avestimehr-Diggavi-Tse 2011)
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&
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Deterministic network (Avestimehr-Diggavi-Tse 2011)

X, —»
X, —»
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Xy—~

L Yl

Cutset

Xi— X, —»]
X, —»> X1—>
§4) —>Y2 2 K g
N
Xy —*
Xl—b XN"
X, —»
. 8k 4'Yk
Xy—~

R(S) < I(X(S5); Y(S)IX(S))

Noisy network coding

R(S) < I(X(S); Y(S)1X(S9))
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Deterministic network (Avestimehr-Diggavi-Tse 2011)

&

L Yl

Cutset

X, —
X, —»

Xy —*

43

=Y,

X, —»
X, —+

R(S) < I(X(8); Y(S)IX(S))

= H(Y(S)IX(5Y),

for some p(x")

VS

X, —>
X, —»

Xy—~

8k

Xy—~

N

=Y,

Noisy network coding

Young-Han Kim (UCSD)
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Deterministic network (Avestimehr-Diggavi-Tse 2011)

X, —

Xl" X, —» Xl—b
X;—~ 2 . . . X, —+
- & —Y . & b : N Yy
XN" K X, — XN"
X24>
: 8k 4'Yk
XN"
Cutset Noisy network coding
R(8) < IX(5); Y(S9)1X(S) R(S) < I(X(S); 7(89)|X(S9))
for some p(x") = H(Y(S)IX(S%)), VS

for some Hszl )
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Deterministic network (Avestimehr-Diggavi-Tse 2011)

X, —

Xl" X, —» Xl"
X;—~ 2 . . . X, —+
- & —Y . & b : N Yy
XN" K X, — XN"
X24>
: 8k 4'Yk
XN"
Cutset Noisy network coding
R(8) < IX(5); Y(S9)1X(S) R(S) < I(X(S); 7(89)|X(S9))
for some p(x") = H(Y(S)IX(S%)), VS

for some Hfj:lp(xk)

e Tight for graphical networks and deterministic networks with no interference
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Gaussian network

e Channel model:
Yy =) gX;+2, kell:N]
j
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Gaussian network

e Channel model:
Yy =) gX;+2, kell:N]
j

Cutset bound:
R(S) < I(X(8); Y(S)1X(S))

Noisy network coding bound:

R(S) < I(X(8); V(S IX(S9) = [(Y(S); V(8) X", ¥(S))

Set Y, = Y, + Z;, where Z, ~ N(0,1)

Avestimehr-Diggavi-Tse (2011), Lim-Kim-El Gamal-Chung (2011)
If (R, ..., Ry) € Zcg, then (R — 0.63N, ..., Ry — 0.63N) € Zync J
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Broadcast relay network
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Broadcast relay network

e Multihop downlink communication
o A" .. 2" 1) code:
» Message set: [1:2"%2] x ... x [1: 28]
» Encoder: x,,(m,, ..., my,yi "), i € [1: 1]
» Relay encoder: xji(y;"l),j €[2:N],ie[l:n]
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Cutset outer bound

El Gamal (1981)

R(S) < I(X(S); Y(S9)I1X(S)), VS

for some p(x")
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Distributed decode—forward = PDF for networks
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Distributed decode—forward = PDF for networks

L
M,,..., My My, Ly
U,(L,), ..., Uy(Ly)
M, L,

Block Markov coding:

Backward encoding:

Partial decoding:

Auxiliary index:
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Distributed decode—forward = PDF for networks

oL
M,,..., My My, Ly
Uy(L,),..., Uy(Ly)
o

Block Markov coding: Splitting of M, over b blocks of n transmissions

Backward encoding: Multicoding of X, (M,) and U,(L,), ..., Uy(Ly)

Partial decoding: Relay k decodes Y, to recover U, (L;)

Auxiliary index: (U,(L,), ..., Uy(Ly)) conveys the messages implicitly

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015
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Distributed decode—forward = PDF for networks

L
My, My By iy
Uy(Ly), ..., Un(Ly)
My, Ly
e Codebook structure: x}'(m;|L;, 1), x; (1 1), g (my, gl i)
Block 1 2 3 b
Xl
)(k
1}
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Distributed decode—forward = PDF for networks

M,,..., My
Uy(L,), ..., Uy(Ly)

e Codebook structure: xf(mjllj, L)), x,’j(lk,j_l), uZ(mk]-, Bl jo1)

Block 1 2 3 .. b
X, I <1 <1 o 1,
xT(m1|lp lo) xT(mzuz: 11) xf(m3|l3, 12) Tt xT(mbllb’ lb—l)
)(k
1}
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Distributed decode—forward = PDF for networks

M,,..., My
Uy(L,), ..., Uy(Ly)

e Codebook structure: xf(mjllj, L)), x,’j(lk,j_l), uZ(mk]-, Bl jo1)

Block 1 2 3 ... b
X, I <1 <1 e Ll Y
xT(m1|lp lo) xT(mzuz: 11) xf(m3|l3, 12) Tt xT(mbllb’ lb—l)
X xp (7ko) X (7k1) x; (7kz) e xp (7k,b—1)
Yk mkl ’ 2k1 mkz’ 7kz mks ’ 2k3 T ﬁlkb’ 2kb
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Distributed decode—forward = PDF for networks

U,(L,)

Lim-Kim-Kim (2014)

R(S°) < I(X(S); U(S)|X(S)) - Z (U USE), XV X, Yy), VS
keS¢

for some ([T, p(x))p(xy, b 1Y)
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Deterministic network (Kannan-Raja-Viswanath 2012)
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R(S%) < I(X(8); Y(S)1X(S))
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4>Yk

Distributed decode—forward
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Deterministic network (Kannan-Raja-Viswanath 2012)

X —
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& =Y : D 8 Yy
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Sk —»Yk
Xy —»
Cutset Distributed decode—forward
R(S) < I(X(S); Y(S9)IX(S)) R(S) < I(X(S); U(S)IX(S))
= H(Y(S)IX(S)), VS - ) I(Us UGS, XV X, Yy)
keS¢
forsomep(xN) = H(Y(S)|X(S%)), VS
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Deterministic network (Kannan-Raja-Viswanath 2012)

X —
X, —+] X;A X, —+]
X2—> . 2 4>Y2 X2—>
& =Y : D 8 Yy
Xy — :
Xy— N X, — Xy—
X,
Sk —»Yk
Xy
Cutset Distributed decode—forward
R(S) < I(X(S); Y(S9)IX(S)) R(S) < I(X(S); U(S)IX(S))
= H(Y(S)IX(S%)), VS - Y I(Us UGS, XV X, Yy)
keS¢
REEDC = H(Y(S)IX(S), VS

for some ([T, p(x))p(x; %))

¢ Tight for graphical networks and deterministic networks with no interference
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Gaussian network

e Channel model:
Yy =) gX;+2, kell:N]
j
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Gaussian network

e Channel model:
Yy =) gX;+2, kell:N]
j

e Cutset bound:
R(S%) < I(X(S); Y(S)IX(SY))
¢ Distributed decode—forward bound:

R(S%) < I(X(8); U(S)IX(S) - Y I(Us USP), XX, Y)
keS¢

b Set Uk = Z]gk])(] + Zk ~ Yk' Where Zk ~ N(O, 1)

Kannan-Raja-Viswanath (2012), Lim-Kim-Kim (2014)
If (Ry,...,Ry) € Zcg then (R — 0.5N,..., Ry — 0.5N) € Zppg J
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Distributed decode-forward (DDF)

Broadcast
Simple decoder
Marton’s inner bound
Partial decode-forward
0.5N

Noisy network coding (NNC)

Multiple access
Simple encoder
MAC capacity region
Compress—forward
0.63N



Multiple unicast network

mR ‘S

D ) ((x)) ((g))
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Multiple unicast network

e Capacity region %" Closure of the set of achievable rate tuples

(R1—>4’ R2—>6’ R2—>8’ R3—>5’ R3—>7’ R4—>7’ R5—)8)
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Cutset outer bound

El Gamal (1981), Cover-Thomas (2006)

Y Ry <IX(S): Y(S)IX(S)), VS c[1:8]

Jrk:jeS, keS¢

for some p(x")
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Cutset outer bound

El Gamal (1981), Cover-Thomas (2006)

Y Ry <IX(S) Y(S9)IX(S)), VS < [1:8]

Jrk:jeS, keS¢

for somep(xN)
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Cutset outer bound

Ry + Ry g+ Ry g <I(X, X5, X5, X3 Y, Yy, Yy, Y| X5, Xy, X5, Xg)
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Cutset outer bound

R_,+R,_¢+Rs ¢ <IX,X,, X5, Xs; Y3, Yy, Yy, Y| X5, Xy, X5, Xg)

R1H4 + R24>6 + RZ*)S < I(Xl’XZ; Y3’ Y4’ YS’ YG’ Y7’ Y8|X3’X4’X5’X6’X7’X8)
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Directed information

e Mutual information

I(A),..., AN By, ...

By) AEEEEDE
N
= Y 1% BB [ [ @ =
j=1

Young-HanKim (UCSD) Wireless Relay Networks ESIT 2015 54/ 60



Directed information

e Mutual information

I(A,, ..., Ay;By,..., By)
N
ZMﬁW‘ (] [=] [=] (& [=] [=]

¢ Directed information
(Marko 1973, Massey 1990)

[ & [ & (2] -]
(2] ] (= B (=] =]

I(Ay,...,Ay = Bp,...,By)

N . .
=Y I(A;B;|B™)

=
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Directed information

e Mutual information

I(A,, ..., Ay;By,..., By)
N
ZMﬁW‘ (] [=] [=] (& [=] [=]

¢ Directed information
(Marko 1973, Massey 1990)

[ & [ & (2] -]
(2] ] (= B (=] =]

I(Ay,...,Ay = Bp,...,By)

N . .
=Y I(A;B;|B™)

=

o Amount of information AN causally provides about B (Permuter et al. 2011)
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Directed cutset outer bound

Kamath-Kim (2014)

Y RS IY(V) s YV) = XN, X)XV, WYp,oons Yy
jok:jeV, keV_

for some p(xN)
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Directed cutset outer bound

Kamath-Kim (2014)
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Directed cutset outer bound

R +Ry s +Ry g+ Rs ;+R, ;+Rs 4
<I((Y,, Yg), (Y5, Yy, Y5, Y) — (X5, Xy, Xy, Xe), (X3, X5) [(X5, X))
=I1(Y(7:8);X(3:6)|X(7:8)) + I(Y(3:6), Y(7:8); X(1:2)|X(3:6),X(7:8))
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Finer partition (cutlet)
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Finer partition (cutlet)

Rsum < I(Y(VO)’ Y(Vl)’ Y(VZ)’ Y(V3)
- X(V), X(Vy), X(V3), X(Vy) 1X(Vy))
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Finer partition (cutlet)

v, | v,

Rsum < I(Y(VO)’ Y(Vl)’ Y(VZ)’ Y(V3)
- X(V), X(Vy), X(V3), X(Vy) 1X(Vy))
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Finer partition (cutlet)

v, | v,
Ry < I(Y(Vy), Y(V), Y(V,), Y(Vy) Ry < I(Y(Vy) = XOV)IX(Vy))
- X(V), X(V,), X(V3), X(V) IX(Vy)) = I(X(0); YOV IX(Vp))
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Example: 3-node “not-relay” channel p(y,, y5|x;, x,)

O
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Example: 3-node “not-relay” channel p(y,, y5|x;, x,)

)

e Cutset bound

Ry, < I(X}; Y,1X,)

for some p(x;, x,)
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e Cutset bound

R, <I(X;;Y,|X,)
Ry < I(Xps Y51X)

for some p(x;, x,)
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Example: 3-node “not-relay” channel p(y,, y5|x;, x,)

9

e Cutset bound e Cutlet bound
R, <I(X;; Y,|X5) R, < I(X;Y,|X,)
R, 5 <I(Xy; Y31X)) R, ., <I(X,; Y51X,)
for some p(x;, x,) R_,+R, ,<IY;Y,—X,,X)

= I(X,; Y3) + I(X; Yy, Y5 X))

for some p(x;, x,)
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Coding for wireless relay networks
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Simultaneous decoding

e Superposition coding

Multicoding

Block Markov coding

Decode-forward

Compress—forward
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Simultaneous decoding

e Superposition coding

Multicoding

Block Markov coding
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e Multiple access (NNC)
¢ Broadcast (DDF)
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e Simultaneous decoding e Multiple access (NNC)
e Superposition coding e Broadcast (DDF)
e Multicoding

¢ Block Markov coding

e Decode-forward

e Compress—forward

¢ Practical codes??? (Thursday)

Young-HanKim (UCSD) Wireless Relay Networks ESIT 2015 58/60



Coding for wireless relay networks

AN

1' 1'
‘ ‘ eat) I
0“\\~§’\’ ik K
A Py S0 ol s e
D st 7 @

e Simultaneous decoding e Multiple access (NNC)

e Superposition coding e Broadcast (DDF)

e Multicoding e Directed cutset bound

¢ Block Markov coding ¢ Coding for multiple unicast???
e Decode-forward (Tomorrow)

e Compress—forward
¢ Practical codes??? (Thursday)
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To learn more
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